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^ . Abstract. It is well known that for a > 4, the dynamical behaviors of the logistic 

^ ' map /a(x) = ax(l — x) on the maximal invariant compact set are "simple", which could 

D . be clearly explained by the theories of hyperbolic dynamics and symbolic dynamics. Is it 

^ ' possible that similar phenomena could be observed in general real polynomial maps? In this 

(N : 

CN . paper, we study this problem by investigating the real polynomial map fa^x) — ag(^x), where 
a is a parameter, and g is a. real-coefficient polynomial, which has at least two different real 
Q . zeros or only one real zero. 
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a^ 

^ : 1 Introduction 

Many books, introduction to dynamical systems, would take an account of the logistic map 
fa{x) = ax{l — x). For any a > 4, there exists a maximal compact invariant set A^, on 
which the map is hyperbolic and topologically conjugate to the one-sided fullshift on two 
symbols. When a > 2 + a/5, it is easy to obtain this conclusion, since the absolute value of 
the derivative of every point in A^ is greater than 1, however, for 4 < a < 2 + a/5, it is a 
little hard [S]. 

The study of the logistic map with a > 4 dates back to the work of Fatou and Julia on 
complex dynamics, who obtained that the Julia set of a polynomial map would be totally 
disconnected if all the critical points go to infinity under the iteration of the map [2]. By 
using method in terms of real variables, Henry proved that almost every point in the unit 
interval would escape from it under the iteration of the logistic map [3]. Guckenheimer 
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[1], Misiurewicz [7] and van Strien [9] had a proof with the fact that the logistic map has 
negative "Schwarzian derivative". In |8], Robinson gave an elegant proof with the help of 
the Schwarz Lemma. Recently, Aulbach and Kieninger [1], Glendinning [3] and Kraft [6] 
have given different elementary proofs on the hyperbolicity of the logistic map with a > 4. 

However, the general polynomial maps have received less attention. Motivated by these 
important works on the logistic map, we study a general real polynomial map fa{x) = 
a{x — 61)^(62 — xyh{x), where bi and 62 are constants with bi 7^ 62; k and / are pos- 
itive integers; a is a parameter; and h is a polynomial satisfying that \h{x)\ > for 
X G [min{6i, 62)5 max{6i, 62}]. We first investigate the map under the assumptions that 
6162 > 0, < I62I, and a(sign(fe2))'^"'^/i(&i) > 0. Except the situation that 61 = and 
/ > A; = 1, we show that for sufficiently large \a\, the polynomial map fa has an invariant 
Cantor set on which it is hyperbolic and topologically conjugate to the one-sided fullshift 
on two symbols (see Theorems 13.11 and 13. 2p . For the polynomial map fa, when \a\ is large 
enough, one could find two disjoint compact intervals Ji and I2 dependent on a, such that 
[min{6i, 62}, niax{6i, 62}] ^ fa{h) = faih) 3 /i U l2- In the three cases that (1) 6162 > 0, 
(2) 6162 = and /c > / > 1, (3) 6162 = and A; = / = 1, we obtain that there exists a constant 
A > 1, such that miua-g/^u/g l/a(^)l — sufficiently large |a| by applying the elementary 
methods. However, in the case that 6162 = and I > k > 2, we find that > for 

all X G /i U /2 and min^^j-^uj^ \ faix)\ — > as \a\ — t- 00, which is different from what we have 
observed in the logistic map, since the logistic map satisfies the assumption that bi = 0, 
b2 = 1, k = I = 1, and h{x) = 1. To overcome the problem that we could not obtain good 
estimation on the derivative of fa{x) on Ji U I2 in the case that bi = and / > A; > 2, we 
utilize the methods in complex dynamics to prove the hyperbolicity of the invariant sets. 
Moreover, in the case that bi = and / > /c = 1, we show that when |a| is large enough, there 
exists an invariant set on which fa is topologically semiconjugate to the one-sided fullshift 
on two symbols but fa is not hyperbolic on it (see Theorem 13.31) . Then we study the map 
under the assumptions that 6162 > 0, < I62I5 and a{sign.{b2)y^^ h{bi) < 0. We obtain 
that there exists a hyperbolic invariant set for fa on which fa is topologically conjugate to 
the one-sided fullshift on two symbols under certain conditions (see Theorems 13.41 and 13. 5p . 
Finally, in the case that 6162 < 0, we show that there exists a hyperbolic invariant set for 
fa when \a\ is large enough (see Theorem 14. II) . And, for the polynomial map fa{x) = CLg{x), 
where g has only one real zero, we show that there exists a hyperbolic invariant set for /„ 
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under certain conditions (see Theorem 14.21) . 

The rest of the paper is organized as follows. Section 2 contains some basic concepts 
and useful results. In Section 3, the polynomial map fa{x) = ag{x) is investigated, where g 
has two distinct non-negative or nonpositive real zeros. In Section 4, the polynomial map 
fa{x) = cig{x) is studied, where g has one positive and one negative real zeros, or only one 
real zero. 

2 Preliminaries 

In this section, basic definitions and useful results are introduced. 

We first introduce several notions about matrix and the definition of the one-sided 
symbolic dynamical system [5]. A matrix A = {aij)mxm {fn > 2) is said to be a transition 
matrix if ajj = or 1 for all i, j; Y^jLi ^ij — ^ ^! ^^"^ ^ij — ^ ^'^^ J? 1 < J ^ 

A is called positive, if all its entries aij > 0. A is said to be eventually positive if there exists 
a positive integer k such that A"' > for all the integers n > k. 

Let 5*0 := {1, 2, m}, m > 2, and := {a = (oq, ai, a2, ...) : ai & Sq, i > 0} be the 
one-sided sequence space. We define a metric on J2m 

where a = (oq, ai, 02, ...), /? = (60, ^1, h, •••) e Y.^, 6{ai, hi) = 1 if 7^ hi, and 5{ai, hi) = if 
tti = hi,i > 0. Then, (^^, d) is a complete metric space. Define the shift map a : J2m ~^ J2m 
by a{a) = (ai, 02, ...), where a = (oq, ai, ...). Then, (Xlm' called the one-sided symbolic 
dynamical system on m symbols. 

Given a transition matrix A = {aij)mxm, denote 

Za ■■= {P = (bo, bi, ...) G E,n ■■ = 1, ^ > 0}. 

The map 

is said to be the subshift of finite type for A. Obviously, Ea invariant under aA and a 
compact subset of Em- -^^^ transition matrix A, a finite sequence w = {si, S2, Sk) 
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is said to be an allowable word of length k for A if as,si+i = 1,1<'^<^ — 1, where 

Si, S2, Sfc G Sq. 

Next, the notion of hyperbolicity of one dimensional dynamics is given [6]. Let / : R — t- 
R be a map, and A be a compact invariant set for /, i.e., /(A) = A. Then A is a 
hyperbolic set for / if there are constants C > and A > 1 such that > CA" for 

all X G A and all n > 1. 

The next result is introduced from [6], Lemma 4] and [H Lemma 2.1]. 

Lemma 2.1. Let / : R — )■ R be a C^-map, and let A C R be compact invariant set for /. 
Then A is hyperbolic with respect to /, if and only if for each x C A there exists a positive 
integer kx (depending on x) such that \{f {x)\ > 1. 

Finally, we introduce needed notions and useful results about complex dynamics [2]. 

Set C := C U {oo}. Denote \z\ for the modulus of 2; G C. For an analytic function p 
defined on C, if ^(^^o) = ^o? then zq is called a fixed point of p. The number p'{zq) is said 
to be the multiplier of p at zq. If |p'(2o)| < 1, then zq is called an attracting fixed point; if 
|p'(zo)| = 0, then zq is a superattracting fixed point. The point zq is said to be periodic if 
Zo = Zn for some non- negative integer n, where Zn = p^{zq). The minimal n is its period, the 
orbit {zi, Z2, Zn} is called a cycle, and the cycle is said to be attracting if |(p")'(zo)| < 1- 

Let J-" be a family of meromorphic functions in a domain D C C. If every sequence {/„} 
in J-" contains a subsequence that converges uniformly in the spherical metric on compact 
subsets of D, then J-" is called a normal family. Let R = P/Q be a rational map, where 
P and Q are polynomials with no common factors and degree d = maxjdegP, degQ} > 2. 
The Fatou set of R is defined to be the set of points zq ^ C such that {-R"} is a normal 
family in some neighborhood of Zq. The complement of the Fatou set is said to be the Julia 
set. A set is called completely invariant for R if both it and its complement are invariant. 
The Julia set is completely invariant [21 Page 56]. If f/ is a completely invariant component 
of the Fatou set, then the boundary of U is equal to the Julia set, and there are at most 
two completely invariant components of the Fatou set [21 Page 70]. Denote A{zq,R) as the 
basin of attraction of an attracting fixed point Zq, that is, A{zq, R) consists of z such that 
R^{z) — )■ Zo as n — 7- +00. If Zq is an attracting fixed point, then the basin of attraction 
A{zq, R) is a union of components of the Fatou set, and the boundary of A{zq, R) coincides 
with the Julia set [2], Page 58]. If _R = P is a polynomial of degree d > 2, then 00 is a 
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superattracting fixed point of R and tlie Julia set coincides witli tlie boundary of /l(oo, R) 
[21 Page 65]. The critical point of i? is a point on the sphere where R is not locally one-to- 
one. The set of critical points consist of solutions of R'{z) = and of poles of R of order two 
or higher. The rational function R is hyperbolic on the Julia set if and only if every critical 
point belongs to the Fatou set and is attracted to an attracting cycle [H Page 90]. 



3 Polynomial with two different non-negative or non- 
positive real zeros 

In this section, a type of real-coefficient polynomial maps is studied, where the polynomial has 
at least two different non-negative real zeros. By applying the methods used in this section, 
similar results can be obtained when the polynomial has at least two distinct nonpositive 
real zeros. 

Consider a real-coefficient polynomial of degree n, 

g(x) = + a„_ia:""^ H h cto, 

which has at least two different zeros. Rewrite g as 

g{x) = {x- a.r^ ■■■{x- arr^ix^ + + Tr.+i)™'-^^ ■ ■ ■ (x^ + (3,x + 7,)"^% 

where 

r s 

mi > 1, 1 <i < s; r > 2; ^ + ^ 2mi = n; /3| - 47^ < 0, r + 1 < j < s, 

1=1 i=r+l 

and «!, . . . ,ar are real zeros of g{x) with ai < ■ ■ ■ < a^- 
Consider the following identity: 

/a(a^) _ 9\^) raj ^ vfij^lx + A) 

g{x) ^x-ai + + 7i ■ 

It can be easily shown that 

lim = lim — — — - = -l-oo, lim = lim ——— = —00, 1 <i <r. (3.2) 

x^af Ja\X) x^af g[X) aj-j-a^" Ja{X) g[X) 
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If there exists j, 1 < j < t, such that rrij > 2, then aj is also a real root of g'{x), and one 

^""^ , faix) , 9"ix) , f''(x) , , , 

lim = = +00, lim = = -00. 3.3 

In the following discussions, (3.1), (3.2) and (3.3) will play an important role. 

In this section, suppose that there exists io, I < io < r, such that ajj, > 0. We investigate 
the following polynomial map: 

faix) = ag{x), 

where a G R is a parameter. 

We will first study the dynamical behaviors of fa, where a satisfies 

/f'°^(a,J = a^?(™'o)(a,J>0. 

This assumption guarantees that fa{x) > for all x G (aj^, aj^+i). Since fa{x) can be written 
as 

fa{x) = -l^ft''\a,^){x-a,X'"+o{\x-a,,ro)^ 

there exists no real zero of fa{x) in (ajg, Ojo+i) and /i'^'^^ajo) > 0, one has that fa{x) is 
positive in (aio,aio+i). 

Lemma 3.1. Suppose that > and fa^'°\aio) > 0. For the polynomial fa{x), there exist 
two points Xo and x'q with < Xq < x'q < at,)+i, such that /^(x) > for all x G {a^^,Xo], 
and /a(x) < for all x G [xo,aio+i). Further, if > 2, then there exists Xi, Xi G (ttjoj^^o], 
such that fa{x) > for all x G (Q;io,Xi]; if mj(,+i > 2, then there exists x[, x\ G [xg, ajg+i), 
such that /a (x) > for all x G [x^, ajo+i)- 

Proof. The existence of xq and Xq can be derived from (3.1) and (3.2). This, together with 
(3.3), implies the existence of x\ and x'^. □ 



Lemma 3.2. For the polynomial faix), suppose that g'{oij) 7^ for some j, 1 < j < t. 
Then, there exists 5 > such that g'{x) 7^ for all x G [uj — 5,aj + 5\. And, for any 
given constant A > 1, there exists a constant A^a > such that for any \a\ > Nx, one has 
I/a (3^) I ^ ^ all X G [aj — 5, + 6]. 

Proof. The proof of this lemma is simple. So, it is omitted here. □ 
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We come now to one of the principal theorems. 

Theorem 3.1. Suppose that > and fa^^'^\aio) > 0. For sufficiently large |a|, there 
exists an invariant Cantor set Aq = {x : fa{x) G for all k > 0} such that fa is 

hyperbolic on and : A^ — )■ A^ is topologically conjugate to cr : ^2 ~^ 

Proof. The whole proof is divided into two steps. 

Step 1. The properties of the polynomial faix) are discussed when |a| is large enough. 

By Lemma [STTl there exist and x'^ with ttj^ < x\ < x'^ < Oio+i, such that /^(x) > 
for all X G (ajgjxj], and /^(x) < for all x G [x^,aj(,+i). Choose A > 1. By (3.2), there exist 
Xi and Xr, Xi G (ajo,X;], Xr G such that 

> — , X G (aio,x;] U [xr,aio+i). (3.4) 

Denote 

mo := inf |5'(x)|. 

X&[xi,Xr\ 

Next, it is to show that if 

> ^lo+i a(?('"»o)(a,J > 0, (3.5) 
mo 

then the assertion of this theorem holds. 

Now, it is to prove that there exists one and only one fixed point of fa in (ajQ,X/) for 
any a satisfying (3.5). Obviously, fa{xi) > ttjo+i > xi. This, together with /a(«jo) = 0, 
implies that there exists at least one fixed point of fa in (««(,, x;) for any a satisfying (3.5). 
Set Za := mmx(z(aig^xi){x : fa{x) = x}. It is evident that Za > ohq. Since /^(x) > for 
all X G («»(,, X/], fa{,x) > for all x G [^ai^^/]- This, together with (3.4), yields that 
fa{x) > A > 1 for all X G [^a,^;;]. It follows that fa{x) > X for all x G {za,Xi]. So, fa{x) < x 
for all X G [ajg, -Za), which implies that there exists an integer > 1 such that fa'^ix) < a^^ 
for any x G [ajp, z^). 

For any a satisfying (3.5), one has fa{xr) > Oio+i- This, together with fa^a^^+i) = and 
fa{x) < for all X G [xr, ttio+i), implies that there exists a unique point Ua, Ua G (x^, aio+i), 
such that faiua) = Za- On the other hand, there exists a unique point x^^a, x^^a G (2;a,Xi), 
such that fa{xL,a) = Ua, siuce fa{xi) > and /^(x) > for all x G (ai,j,Xi). From the 

monotonicity of fa{x) on (xr,Q;io+i), it follows that there exists XR^a, XR^a G (xr.,Ma), such 

that fa{xR,a) = Ua. 

7 







g\x) 


fa{x) 




9{x) 



Thus, for any a satisfying (3.5), there exists a partition of the interval [ajg, ajQ+i], 

[aig, Oio+l] = [aig,Za) U [Za, XL,a\ U (xL,a, Xl] U (x;, Xr) U [Xr, Xr^o) U [xR^a, Ma] U (tia, Ojo+l]. 

By the discussions above and the graph of the function fa{x) on ajg+i], one has that 
for any x G [ajg, ajo+i]\([za, a^L.a] U [xR,a,Ua]), there exists an integer kx > I such that 

Step 2. The invariant Cantor set is given. 
Fix any a satisfying (3.5). Denote 

Jl := [Za,XL,a], h ■= [xR,a,Ua], I := h U h- 

Introduce the notation which is used in the proof of Theorem 4.1 in [H Page 30]: 

n-l 

/^o,....„-. := n = /'(^) e for < A; < n - 1}, 

fc=0 

where = 1 or 2, and 

n n—1 

Sn := n f^'(^) = n f^'^^^ U /2) = U /.o,n,....„-.- 

k=0 k=0 io,n,.--i«n-i=l,2 

It follows from fa{x) > a^^ for all x G / and (3.4) that 

|/:(x)|>A, XEI. (3.6) 

Applying the same method used in the proof of Theorem 4.1 in [5], Page 30], one has 
the following statements, which are similar with those obtained in Lemmas 4.2 and 4.4 in 
P Page 31]. 

(a) For any choice of the labeling with io,...,in~i G {1,2}, /jo,...,i„_2 H = Iio,...A„_2,i U 
Iio,...,i„-2,i- is the union of two nonempty disjoint closed intervals, which are subsets of 

Ii0,...,in-2- 

(b) For two disjoint choices of the labeling (zq, in-i) 7^ (^d, ^n-i), Iio,-,in-i^^i'o,-,i'„-i = 
0, so Sn is the union of 2" disjoint intervals. 

(c) The map fa takes the component /io,...,j„_i of Sn homeomorphically onto the component 
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(d) The length of any component /io,...,j„_i is bounded by A "(ai^+i — ai^). 
Set 

oo 

Aa := n 

n=0 

It is evident that 

Aa = {x : fl{x) e for all k > 0}. 

By applying the similar method used in the proof of Theorem 4.1 in [HI Page 30], one has 
that Aa is a Cantor set and a hyperbolic set for /„. From Theorem 5.2 in [HI Page 38], it 
follows that /a : Aq — )■ is topologically conjugate to a : ^2 ~^ ^2- 

This completes the whole proof. □ 

Next, we study the case that = and f!r'°\o) > 0. For the convenience of our 
discussions, rewrite /a (a;) as follows: 

fa{x)=ax'''ib-xY'h{x), (3.7) 

where di = rriig, ^2 = ''T^io+i, b = ajg+i, and ah{x) > for all x G [0,6]. Fix a constant 
< e < 1. 

Lemma 3.3. Consider the polynomial fa{x) in the form (3.7). 

(i) If di > 2, then there exists 77 > such that /^(x) > and faix) > for all x G (0, 77]; 

fa{x) g[x) X 

and there exists a continuous function Ua := u{a) for \a\ > r]/\g{Ti) \ satisfying < Ua < 
T], such that faiua) = Ua, fa{x) < X foY all X G (0, Ua) , and fa{x) > X for all X G {ua, r]]; 
further, — as \a\ oo. 

(ii) If (i2 > 2, then there exists p > such that /^(x) < and fa{x) > for all x G [p, 6); 

_f(£)=_»^>^, (3.9) 

/a(x) ^(X) 6-X 

and there exists a continuous function Va '■= v{a) for \a\ > b/\g{p) \ satisfying p < Va < b, 
such that faiva) = b — Va, fa{x) < b — X ioY all X G (t^a, b), and /a(x) > 6 — X for all 
X G [p, Va); further, f „ — )■ & as |a| — oo. 
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(iii) If di > d2 > 2, then Ua > b — Va for sufficiently large |a|; if d2 > di > 2, then Ua < b — Va 
for sufficiently large \a\. 

Proof. Show assertion (i). By Lemma 13.1^ (3.1), (3.2) and (3.3), there exists ?7 > such 
that fa{x) > 0, fa{x) > and inequality (3.8) holds for all x G (0,?]]. So, fa{x) is convex 
on (0,77]. Fix the constant rj. Consider the function H{a,x) = fa{x) — x, where x G [0,?]], 
\a\ > 'ri/\9{v)\ ah{0) > 0. Obviously, H{a,0) = and ^(a, 0) = — 1 < 0. So, for any 
fixed \a\ > ?7/|fi'(?7)|, there exists 9a > such that H{a,x) < for all x G (0,6^^). This, 
together with H{a,ri) > 0, implies that there exists Uq G {OaiV) such that H{a,uo) = by 
the intermediate value theorem. Denote Ua '■= maxjug : Uq G [0,7]) and H{a,UQ) = 0}. It 
is evident that faiua) = Ua and fa{x) > x for all x G {ua,ri]. Further, This, together with 
the convexity of fa{x) on (0,//], implies that fa{x) < x for all x G (0,^^). From (3.8), it 
follows that ^(a,Ua) = ag'{ua) — 1 > (di — e) — 1 > 0. Hence, Ua ■= u{a) is a continuous 
function for \a\ > Ti/\g{'r])\ by the implicit function theorem. By contradiction, it can be 
easily concluded that — as |a| — 00. We have now proved that (i) holds. 

Show assertion (ii). It follows from Lemma 13.11 (3.1). (3.2) and (3.3) that there exists 
p > such that /^(x) < 0, /^(x) > and inequality (3.9) holds for all x G [p,b). Thus, 
fa{x) is convex on [p, b). Fix the constant p. Consider the function H{a, x) = fa{x) + x — b, 
where x G [p,b], \a\ > b/\g{p)\, and ah{0) > 0. It can be easily calculated that H{a,b) = 
and ^{a,b) = 1 > 0. So, for any fixed \a\ > b/\g{p)\, there exists i9a > such that 
H{a,x) < for all x G {'da,b). This, together with H{a,p) > 0, yields that there exists 
Vo G {p,b) such that H{a,Vo) = by the intermediate value theorem. Set Va := min{t>o : 
vq G (0,p) and H{a,vo) = 0}. It is evident that fa{va) = b — Va and fa{x) > b — x for all 
X G [p, Va). This, together with the convexity of fa{x) on [p, b), implies that fa{x) < b — x for 
all X G {va, b). By (3.9), |f (a, Va) = ag'{va) + 1 < (-^2 + e) + 1 < 0. Hence, it follows from 
the implicit function theorem that Va := f (a) is a continuous function for \a\ > b/\g{p)\. By 
contradiction, it can be easily shown that as \a\ — )■ 00. Hence, (ii) holds. 

Finally, it is to show assertion (iii). 

Consider the situation that di > d2 > 2. We utilize conclusions and notations in the 
proof of (i) and (ii) of this lemma. Set 



No := max{r]/\g{r])\, b/\g{p)\}, nii := sup 
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Obviously, < mi < +00. 

By (i) and (ii) of this lemma, there exists a constant A'^i > Nq such that if \a\ > Ni, 
then 

max{na, b - Va} < j^'^ , (3.10) 

CLi + (12 — 1 



and 

b - Ua 

> mi, 



Ua 

which yields that 

{b - UaY'ut~^ah{Va) > Ui^~\b - Uaf'ah{Ua). (3.11) 

By fa{ua) = Ua and /a(fa) = b- Va, ouc has 

aui^-\b-UaY'h{ua) = avi^ib-va^'-'hiva) = 1. (3.12) 

Consider the function G{x) = x'^^~^{b — xY^, x G [0,6]. It is easy to obtain that G'{x) > 
for all X e (0, (4 - l)V(^^i + d2- !))• This, together with (3.10), (3.11) and (3.12), implies 
that Ua > b — Va- By the same method, we could show that Ua < b — Va when d2 > di > 2 
and |a| is sufficiently large. Hence, (iii) holds. The whole proof is complete. □ 

Theorem 3.2. For the polynomial fa{x) = ag{x) in the form (3.7), there are four cases 
to consider: (i) rfi > ^2 > 2; (ii) di > d2 = 1; (iii) d2 > di > 1; (iv) di = d2 = 1. In 
these cases, if \a\ is large enough, then there exists an invariant Cantor set such that fa 
is hyperbolic on and : A^ A^ is topologically conjugate to a : ^2 ~^ Cases 
(i)-(iii), any point x G (0,6)\Aa either escapes from [0,6] or goes to the fixed point under 
the iteration of /„; in Case (iv), A^ = {x : fa{x) G [0, b] for all k > 0}. 

Proof. The whole proof is divided into three parts. 

Part 1. The properties of the polynomial fa{x) with di >2 and c?2 > 2 are discussed. 

For convenience, we still utilize the notations and conclusions in the proof of Lemma 
13.31 It follows from Lemma 13.31 that there exist rj and p with < t] < p < b, such that (i) 
and (ii) of Lemma |3T3] hold. Hence, for any \a\ > Nq = max{?7/|(7(?7)|, b/\g{p)\}, one has 

\fa{x)\>di-e, xG[n„r/]; (3.15) 

\fa{x)\>d2-e, xe[p,Va]. (3.16) 
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Denote 

mo := inf 

a;G[r),p] 

Obviously, < mo < min{|(7(?7)|, |(7(p)|}. 
In the following discussions, fix any 

\a\ > — and ag^'^'\0) > 0. (3.17) 
mo 

Thus, for any fixed a satisfying (3.17), there exist two points Xi^a and Xr,a with < Xi^a < 
T] < p < Xr^a < b, such that fai^i^a) = fai^r^a) = b. It is evident that xi^a and Xr,a b 
as \a\ — )■ +00. 

It follows from /^(x) < for all x G [p, 6) that there exists a unique point Wa, Wa G 
{xr^a,b), such that fa{wa) = Ua- On the other hand, there exists a unique point x^^q, 
XL,a e {ua,xi^a), such that fa{xL,a) = Wa, siuce fa{xi,a) = b and /^(x) > for all X G (0,?7]. 
From the monotonicity of fa{x) on (p, 6) and fa{xr,a) = b, it follows that there exists a unique 

point XR^a, Xn,a e (x^,a,Wa), SUch that fa{xR,a) = Wa- 

Hence, for any a satisfying (3.17), there exists a partition of the interval (0, b), 

(0, b) = (0, Ua) U [Ua, XL,a] U {xL,a, V] U (??, p) U [p, XR^a) U [Xij,a, W^a] U {Wa, b) . 

Since /a(x) < x for all x G (0, Ua), fa{x) — j- as /c — )■ +cxd for any x G (0, Ua). So, from the 
graph of the function fa{x) on [0, b], it follows that for any x G (0, b)\{[ua, XL,a\ U [x/j^a, u^a]), 
either there exists an integer > 1 such that fa^{x) ^ (0,6) or /^(x) — )■ as A; — !■ +oo. 
Denote 

n oo 

h := [Ua,XL,a], h ■= [xR,a,Wa], I := h U h, Sn := f] fa'^i^), ■= Q Sn- 

k=0 n=0 

Obviously, 

/a(/l) = /a(/2)3/lU/2. 

It is easy to conclude that : — )■ is topologically semiconjugate to cr : ^2 ^ Xl2- 

Consider Case (i). By (iii) of Lemma 13.3^ there exists A'^i such that if \a\ > Ni, then 
Ua > b — Va, where A^^i is given in the proof of (iii) of Lemma 1X51 Hence, Wa < Va if |a| > A'^i. 
This, together with (3.15) and (3.16), implies that when \a\ > Ni, one has 

|/:(x)| >di-e> 1, xG/i; (3.18) 
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|/:(x)|>rf2-e>l, xe/2. (3.19) 



Applying the same method used in Step 2 of the proof of Theorem 13.11 one could show the 
assertion in Case (i). By using the similar method in Case (i) and Lemma 13.21 one could 
prove the assertions in Cases (ii) and (iv). 

However, when ^2 > di, the value of |/^| on I2 does not become very large as \a\ — > +00, 
which will be explained below. 

Part 2. Estimate the value of fa{wa) as \a\ — )■ +00 when di > 2 and d2 > 2. 

Fix any a satisfying (3.17) in the following discussions. Since 

fa{Ua) = (6 - UaY''ah{Ua) = Ua, fa{Wa) = W^f' (& - WaY^ah{Wa) = Ua, 

f^x) = dix'^^~\h-xY^ah{x) -d2x'^^{h-xf^~^ah{x)+x'^^{h-xY^ah\x), 



one has 



Rewrite fa{x) as follows: 



rn N diUa d2Ua h (Wg) 

Ja\Wa) = 7 + "a-TT T- (3.20) 

Wa b-Wa h{Wa) 



/,(x) = a&"^/i(0)x"^+a \ .J ^"'^'. xe[Q,r,l < r < 1; (3.21) 

fa{x) = ah'''h{h){h-xY'+a ^'^'''^^^^]^''^l " ^^\ x-hY^+\ xe[p,hl < z/ < 1. (3.22) 

[d2 + 1)' 

Set 

^('^i+i)(rx) g^'^^+^\h + v{x - h)) 



6'^^/i(0), /3i(x) := a2 := h^'h{h), /32(x) 



(rfi + 1)! ' V ^' (^2 + 1)! 

By (3.21) and faiug) = Ua, one has 

/ I \ V(rfi-i) 

Vaai + a(3i[Ua)UaJ 

From (3.22) and fa{wa) = Ua, it follows that 

^'""^^ [aa2 + {-lY^+'a/32{wa){b - Wa) ) ' ^^'^^^ 
By (3.23) and (3.24), one has 

1^ d-^—d2 l — d2 1 

= |a| + |/3i(u,)|u„)W-W(|a2| + (-l)'^2+i|/32(u;,)|(6 - w;,))^^. (3.25) 
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It is evident that Ma — J-Oandwa -^ba.s\a\ +00, and sup^g[o,r?] \f^ii^)\y ^'^Px£[p,b] \/^2{x)\, 
and sup2,g[Q ;,] ^\h{x)\ finite. By (3.20), when \a\ is large enough, one has 

f'^{wa) = -d2\a\ (|ai| (''i-')''2 laal^ + o(l)) + o(l), (3.26) 

where o(l) — )■ as \a\ — +00. 

By faix) > and f^{x) < 0, x G [p, 6), one has that |/'(wa)| = inf^.6[^^^,^„„] |/'(x)|. This, 
together with (3.26), yields that f'aiwa) — )■ as \a\ — j- 00, when d2 > di > 2. This means 
that the method used in the discussions of Case (i) of this theorem could not be applied to 
study this case. Hence, we utilize the tools in complex dynamics. 

Part 3. The dynamical behaviors of the complex polynomial map fa{z) = cLg{z) = 
az'^^{b — zY^h{z) on C are studied, where a and z are complex numbers and di > 2. 

Now, it is to show that fa is hyperbolic on its Julia set when \a\ is large enough. For a 
constant > 0, denote D{oo,N) := {z G C, \z\ > N}. It is evident that for the complex 
polynomial g{z) on C, there exists a constant K > such that g{D{oo, K)) C D{oo,K), 
and D{oo, K) is contained in the attracting neighborhood of 00 for g. Fix this constant K. 
So, for any \a\ > 1, fa{D{oo, K)) C D{oo,K), and D{oo,K) is contained in the attracting 
neighborhood of 00 for fa- The critical set E := {z & C, g'{z) = 0} of g is finite. And, 
E = EiU E2, where Ei = {z e E, g{z) ^ 0}, and E2 = {z e E, g{z) = 0}. Since di > 2, 
/a(0) = 0, and fa{b) = 0, one has that is a superattracting fixed point of (?, G E2, and 
El ^ 0. Obviously, E2 C A{0, fa), and, if 

r K } 

\a\ > max < 1, max———- >, (3.27) 

I -^^^\g{z)\) 

then fa{Ei) C D{oo,K) C A{oo,fa). Hence, one has that fa is hyperbolic on the Julia set 
J for any a satisfying (3.27). 

It is to show that is contained in the Julia set for large \a\. It can be easily obtained 
that A{0, fa) and A{oo, fa) are two disjoint completely invariant components of the Fatou 
set. So, dA{0, fa) = dA{oo, fa) = J. And, there are at most two completely invariant 
components of the Fatou set. So, the Fatou set coincides with A{0, fa) U A{oo, fa). When 
fa is restricted on the real line, one has that if a satisfies both (3.17) and (3.27), then 
Aa (f. A(0, fa) U y4(oo, /a), which implies that A^ C J. 

Hence, A^ is a hyperbolic invariant set for fa for (ii > 2 and sufficiently large \a\. Thus, 
for any |a| satisfying (3.17) and (3.27), there exist two constants Cq > and Aa > 1 such 
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that > CaXi foi' all A; > and x G K- This, together with fa ■ K ^ K is 

topologically semiconjugate to a : ^2 ~^ Yli2^ yields that fa : Ka ^ is topologically 
conjugate to a : YI12 1*^1 satisfying (3.17) and (3.27), and is a Cantor set. 

Therefore, assertion in Case (iii) holds. 

The whole proof is complete. □ 

Remark 3.1. It is a meaningful question to find an elementary method to prove the assertion 
in Case (iii) of Theorem 13.21 without the help of the tools in complex dynamics, since the 
method in complex dynamics requires lots of preparation. 

Finally, we study the situation that c/2 > c?i = 1. 

Theorem 3.3. Consider the polynomial /a(x) in the form (3.7). Suppose that d2 > di = 1. 
Then there exists a constant > such that for any \a\ > N, there exists an invariant set 
Aa = {x : fa{x) G [0, b] for all A; > 0} such that : A^ — )■ A^ is topologically semiconjugate 
to cr : ^2 ~^ ^^2^ t)ut fa is not hyperbolic on Aq. 

Proof. By Lemma [3l2] and the properties of the function fa on [0, b], it can be easily concluded 
that there exists a constant > 0, such that for any \a\ > N, there exist two intervals 
Ii = [0,77] and I2 = [p,b], such that fa{h) = faih) = [0,&], fa{x) > 1 for all x G Ji, and 
fa{x) > b for any x G (77, p), where < rj < p < b. Set 

n 00 

/ := /i U h, 5„ := fl fa\l), Aa := f] ^n- 

fc=0 n=0 

By simple discussions, one has : A^ — A^ is topologically semiconjugate to a : ^^2 ~^ '^2- 
Now, it is to show that A^ is not a hyperbolic invariant set for /„. Since b E Aa and 
fa{b) = 0, one has that |(/a)'(&)| = for any positive integer k. Hence, A^ is not a hyperbolic 
invariant set for by Lemma 12.11 The proof is complete. □ 

Remark 3.2. For the polynomial fa{x) in the form (3.7) with 62 > di = 1, we conjecture 
that there does not exist a hyperbolic invariant set A^ ^ A^ for /q, such that fa'-A'^^ A^ is 
topologically conjugate to a : ^2 ~^ "^2 ^'^^ \^\ ^ where N is specified in Theorem 13.31 

Finally, we consider the situation that ajj, > and /i"*'''\«io) < 0. There are four 
different cases to consider: (a) is odd and /i"*'''"''^\ajg+i) > 0; (b) is odd and 
/i""°^'\ajo+i) < 0; (c) ^io is even and fi"'"°^^\aig+i) > 0; (d) is even and ff"°^^\aig+i) < 
0. 
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Theorem 3.4. Suppose that Q;j,j > and /a"^'° (aj^) < 0. In Case (a), there exists an 
invariant set contained in (a.to_i, ttjo) U («io+i, ajo+a) such that is hyperbohc on and 
/a : Aa — 7- Aa is topologicaUy conjugate to cr : ^2 ~^ sufficiently large \a\, where 

aio-i = if ^0 = 1, aio+2 = +00 if io = ^ - 1- 

Proof. By a modification of the method used in the proof of Case (1) in Theorem 4.1, one can 
verify the conclusions of this theorem. So, we only give the idea. Fix a constant A > 1. When 
\a\ is large enough, we could find two disjoint compact intervals Ji and I2, h C a^^), 
I2 C (aio+i'"io+2)5 such that /^(/i) = faih) D A U h, and > A for all x G Ji U 

Repeat the discussions in Step 2 of Theorem 13. H one could show the conclusions of this 
theorem. □ 

However, in the situation that = and ft''\ai,) < 0, it is easy to obtain the 
following result. 

Theorem 3.5. In Case (a), for sufficiently large \a\, there exists an invariant set A^ C 
0:40+2) for fa, on which fa is topologicaUy semiconjugate to cr : ^2 ~^ (^a might 
not be hyperbolic); further, if = mjQ+i = 1, A^ is a hyperbolic invariant set for fa- In 
Case (b), for sufficiently large \a\, there exists an invariant set Aa C (ttj,,-!, aio+i) for fa such 
that /a : Aa — J- Aa is topologicaUy semiconjugate to cta ■ J2a ~^ XIa' "where 



and it is an eventually positive transition matrix. 

4 Polynomial with one positive and one negative zeros 

In this section, two classes of real-coefficient polynomial maps are investigated, where one 
class has one positive and one negative zeros, and the other has only one real zero. 

Consider the real-coefficient polynomial g{x) introduced in Section 3. In this section, 
suppose that there exists io, I < io < r, such that < < we study the polynomial 

Hisi'P fa{x) = CLg{x), where a G R is a parameter. 

There are eight different cases to consider: 
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(1) f!r''\a 

(2) f!r'''\a 

(3) ft'''\a 

(4) f!r'°\a 

(5) f!r'"\a 

(6) f!r'°\a 
(7) 

(8) f!r'°\a 



«0 



«0 



«0 



> U, /a l«io+l 

> U, Ja l«io + l 

> U, Ja + 1 

> U, Ja laio+1 

< U, Ja l«io + l 

< U, Ja 

< U, Ja l«io+l 

< U, Ja [aio+1 



> 0, is even; 

< 0, is even; 

> 0, is odd; 

< 0, rriig is odd; 



> 0, is odd; 



< 0, TTiio is odd; 
> 0, rriig is even; 

< 0, is even. 



Theorem 4.1. In Cases (2) and (6), for any sufficiently large \a\, there exists a hyperbolic 
invariant set for fa such that /a : — )■ A^ is topologically conjugate to aA '■ ~^ 
where 



A 



1 

1 

1 1 1 



In other cases, for any sufficiently large |a|, there exists a hyperbolic invariant set A^ for 
such that /(J : Aq — )■ A^ is topologically conjugate to a : ^2 ~^ 

Remark 4.1. It can be directly calculated that is positive. So, A is an eventually positive 
transition matrix, and a a is topologically mixing on [HI Page 77, Proposition 2.9]. 

Proof. We only give the proofs of Cases (1) and (2), other cases can be studied by using the 
similar method. 

Consider Case (1). By assumptions, one has that faix) > for all x G (ajg-i, ajg) U 
U (aio+i,aio+2), where = -00 if io = 1, 0,0+2 = +00 if zq = - 1- Fix 

a constant A > 1. By (3.2), there exist Xi and x[, < Xi < ajg+i < x'^, such that 

fa{x) < for all X G [xi.a^^^i), f'a{x) > for all x G {aif^+i,x[], and 



fa{x) 



> 



2A 



X G U (ai(3+i,a;i]. 



(4.1) 



In the following discussions, fix any 

\a\ > 



x\ 



min{|^(xi)|, |^(x;)|}' 
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Hence, fa{x[) > x'l, which together with /^(ajQ+i) = 0, imphes that there exists y G 
{aio+i,x[] such that fa{y) = y. Denote XR^a ■= max{y : fa{y) = y, y E {ai^+i,x[]}. 
So, fa{xR,a) = XR^a- Sincc /a(xi) > x[, fai^io+i) = 0, and /^(x) < for all X E 
there exist unique two points XL^a and xi^a, < xi^a < xi,a < ^io+i, such that fa{xL^a) = XR^a 
and faixi^a) = XL,a- And, there exists Xr,a, Xr,a e (aig+i, such that fa{xr,a) = XL,a- Set 



Thus, 



By (4,1), one has 



h ■= [xL,a,Xl^a], h ■= [Xr,a,XR^a] 

/a(/l) = /a(/2)3/lU/2. 
|/:(X)|>A, XEhUh. 



By applying the method used in Step 2 of Theorem I3.H one could obtain the conclusions in 
this case. 

Now, it is to consider Case (2). It follows from the hypothesis that faix) > for all 
X E (aio-i,ajo) U (aio,aio+i) and fa{x) < for all x E (ajo+i, "^0+2), where aio_i = -00 
if io = 1, aiQ+2 = +00 if 2o = ~ 1- Choose a constant A > 1. It follows from (3.2) that 
there exist yi, y2, ys and y^, such that /^(x) < for all x E [yi, ajj U [1/3, ctig+i) U (ajo+i, 2/4], 
fa{x) > for all X E {aig,y2], and 



fa{x) 



9'{x) 



9[x) 



2A 

>^-r , TT, X E[yi,aio)U{aio,y2]U[y3,aio+i)U{aio+i,y4], (4.2) 



where yi < < y2 < aij2 < aio+i/2 < 2/3 < 0^0+1 < y^. 
In the following discussions , fix any 

^ max{ 1,^/4} 
~ mini<i<4{|5((?/i)|}' 

By intermediate value theorem, there exist yi^a and j/2,a, yi < yi,a < c^io < 2/2,a < 2/2, such 
that /a(2/i,a) = fa{y2,a) = Vs- Deuote 

/i := [yi,yi,a], h ■■= [2/2,a,2/2], ^3 := [2/3,2/4]- 

Hence, 

/a(/l) 3 /3, /a(/2) ^ /3, fa{h) ^ h U h U h- 
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For any (3 = (60, &2, •••) e Y.a^ set 

n-l 

ho,...,K-^ ■■= n fa\lH) = {x : f^{x) eh,,0<k<n- 1}, 

fe=0 

+00 

'■= Pi ho,...,b„- 

n=0 

It can be concluded that is either a nondegenerate compact interval or a singlton set, 
since fa is monotone on Jj, 1 < z < 3. For any f3 = {Bq, bi, 62, •••) G J2a^ '^^s ^^^^ 

00 00 

/(j;^) = n fi^bo-K) = n = (4,3) 

71=0 n=l 

By induction, one has that Ic^ - Ck fl-^di - rffc ~ ^ ^'^y ^^"^ different allowable words Wi = 
(ci, Cfc) and W2 = {di, dk) for A. Consequently, for any /9, 7 G with /3 7^ 7, one has 

//3 n = 0. 

Set 

Aa:= U V 

It follows from (4.3) that fa{^a) = since A is a transition matrix. Hence, fa{x) G 
for any x G A^, which yields that ajg+i ^ A^, and |/a(a;)| > niin{|ajg |/2, ajQ+i/2} for any 
X G Afl. This, together with (4.2), implies that 

|/:(x)|>A, xgA„. (4.4) 

Now, it is to show that J/j is a singlton set for any /3 G XIa- contradiction, assume 
that Ifs a nondegenerate compact interval. By (4.3), (4.4) and fa is monotone on /j, 1 < i < 3, 
one has 

l%/3)l = l/a(//3)l>Al/;3|, k>l, 

which yields that — +00 as A; — +00. It is a contradiction. Thus, is a singlton 

set. 

Therefore, A^ is a hyperbolic invariant set for fa and : A^ — > A^ is topologically 
conjugate to a a '■ J2a ~^ '^a Case (2). 

One could apply the method used in the discussions of Case (1) to study Case (3). 
However, in the case of (4), for sufficiently large |a|, one could find to two disjoint compact 
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intervals Ji and I2 such that Ii U I2 C fa{h),fa{h), where G Ji C (aio_i,0) and 
ajy+i E I2 C (0,ajo+2). By using the method used in the study of Case (2), one could 
prove that the invariant set contained in Ji U /2 is a hyperbolic invariant set for on which 
fa is topologically conjugate to a : ~^ '^2- Cases (5)-(8) can be studied with similar 
discussions. 

This completes the whole proof. □ 

By applying the method used in the discussions of Case (1) in Theorem 14. one could 
easily obtain the following result. 

Theorem 4.2. For the poljTiomial map /a (2^) — suppose that g has only one real 

zero a. If a > and fa{x) > for all x G R, then for sufficiently large \a\, there exists 
a hyperbolic invariant set C (0, a) U (a, +00) for fa and fa '■ ^ is topologically 
conjugate to a : ~^ Xl2- If « < and /a(x) < for all x G R, then for sufficiently large 
|a|, there exists a hyperbolic invariant set Aq C (—00, a) U (a, 0) for and fa'-Aa^ Aa is 
topologically conjugate to a : ~^ 
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